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OBJECTIVES 
In recent years, a colliding stellar winds model has been proposed 
to explain the characteristics of a subclass of the symbiotic stars 
known as eruptive symbiotic systems. Although only a handful of such 
systems have been identified, the study of eruptive symbiotics is 
important for a number of reasons. Assuming the colliding winds model 
is correct, these systems are wide binaries whose components are a mass-
losing cool giant, such as a Mira variable, and a hot white dwarf or 
subdwarf. The majority of stars with initial mass greater than ~1.5 
will inevitably evolve through a Mira stage, then into a white dwarf 
state. Thus, the individual stellar components are relatively common, 
with ~2% of all main sequence stars falling in the mass range 
corresponding to eventual Mira evolution, and "15% of all stars in the 
Galaxy having already evolved to the white dwarf state (Allen 1973). 
With roughly one half of these stars occuring in binary systems, it is 
expected that a sizeable fraction of all stars may pass through an 
eruptive symbiotic phase. The small number of eruptive symbiotics 
observed is merely a consequence of the very small fraction of a star's 
evolutionary lifetime spent in this phase. Therefore, it is not an 
uncommon phenomenon which this study addresses. 
Also, the modeling of eruptive symbiotics may lead to mass-loss 
rate determinations for the individual stellar components. Such 
information is crucial in understanding the recycling of the 
interstellar medium. Finally, a double stellar wind system is certainly 
worthy of study in its own right. 
2 
The purpose of this study is to develop mathematical models which 
will describe the structure of the circumstellar nebula which arises 
naturally in the colliding winds scenario. The numerical results of 
these formulated models will then be used to examine the relationship 
between the structure of the nebula and"the properties of the stellar 
winds responsible for its formation. This information should prove 
useful to other investigators who seek to model, in detail, individual 
eruptive symbiotic systems. 
3 
INTRODUCTION 
Eruptive Symbiotic Systems 
The absence or presence of certain atomic and molecular lines in a 
star's spectrum, and the overall character of the spectrum, are, in 
general, reliable indicators of the star's surface temperature. 
However, there are stars whose spectra do not allow a straightforward 
interpretation. Some fifty years ago, Merrill and Humason (1932) 
brought attention to a small number of stars whose spectra contain TiO 
absorption bands, evidence of a cool star, as well as high ionization 
emission lines, including Hell and [OUI] , whose existence indicates the 
presence of a much hotter source of radiation. These stars were the 
first members in a class later to be referred to by Merrill as 
"symbiotic stars". 
Since that time, the number of stars classified as symbiotics has 
grown. Boyarchuk (1969) listed 21 symbiotic systems, along with 16 
others which he considered probable members. Later, Allen (1979) 
published a catalog of over 100 symbiotic stars. The total number of 
3 
such stars in the Galaxy has been estimated by Allen (1982) to be ~ 10 . 
In addition to the defining spectral features of these stars, 
nebular emission lines combined with molecular absorption bands, many of 
the symbiotics also show variability. In particular, a subclass of the 
symbiotics is characterized by major eruptions with long decay times and 
the subsequent emergence of emission lines of very high ionization. 
This is the class of "eruptive symbiotic systems" as identified by 
4 
Wallerstein et al. (1984, and henceforth referred to as WVSB). It 
includes HM Sge (which erupted in 1975), V1016 Cyg (1965) and RR Tel 
(1944), and probably also includes V1329 Cyg (1964), V407 Cyg (1936) and 
RT Ser (1909), and possibly R Aqr. It is this group, the eruptive 
symbiotics, and a specific model for the nature of these systems, which 
will be addressed in the following chapters. 
The Colliding Wind Model 
Several different models have been proposed to explain the peculiar 
spectral properties of symbiotic stars. In reality, the class of 
symbiotics includes such a wide assortment of objects, with individually 
distinct observational properties, that a single physical model for the 
entire group should not be expected. Among those put forth have been 
both single star and binary star models. Single star models encounter a 
number of problems, (Friedjung 1982), and have drawn less attention in 
recent years. 
The proposed binary models, as summarized by Plavec (1982), can be 
divided into three basic types. The first of these is what Plavec 
refers to as the Algol symbiotic, a model developed by Bath (1977). It 
consists of a binary whose components are a red giant and a main 
sequence star. The red giant provides the observed late-type continuum, 
as well as a source of circumstellar gas in the form of a stellar wind. 
Mass transfer via Roche lobe overflow onto the main sequence star gives 
rise to a high temperature accretion disk which provides the necessary 
ionizing photons. Eruptions are accounted for by an instability in the 
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mass transfer rate and subsequent disruption of the accretion disk. 
Such systems are necessarily close binaries, with fairly short periods. 
A second possible model is one in which the companion to the red 
giant is intrinsically hot and luminous enough that no accretion is 
needed. This would require the presence of a subdwarf.similar to the 
nuclei of planetary nebulae, and hence PIavec refers to this model as 
the PN symbiotic. 
The third type of model, called the nova-like symbiotic by Plavec, 
consists of a red giant in combination with a white dwarf. Mass 
transfer onto the white dwarf stimulates nuclear burning on its surface, 
thus providing the source of the hot ionizing radiation. The subject of 
this investigation, the colliding wind model, is of this basic type. A 
detailed description of the model will now be presented. 
Consider a widely separated binary consisting of a late giant, 
(possibly a Mira), and a hot white dwarf or subdwarf. The late star, 
which we will consider to be the primary, has a stellar wind typical of 
-7 -5 -1 
a Mira variable, with mass loss rate ~10 to 10 yr and wind 
-1 
velocity ~10 to 20 km s . The hot star, the secondary, will accrete 
hydrogen rich material from the primary, not necessarily through Roche 
lobe overflow but rather from its red giant wind. To estimate the 
accretion rate of material onto the secondary, assume it is roughly 
equal to the fraction of the primary's wind which passes within a 
critical distance of the secondary. That critical distance will be the 
radius of circular orbit for a particle with a velocity equal to that of 
the primary's wind. 
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Thus, 
where is the primary's mass loss rate, D is the binary separation and 
r is the critical radius. If the primary's wind has velocity u^, then 
that critical radius is 
(2) r = ^ 2 , 
0 
where m is the mass of the hot secondary and G is the gravitational 
constant. Therefore, 
Using this expression, we find that a 1 star 20 AU from a red 
* 1 * 6 * 1 giant star having a 15 km s ,10 yr wind will accrete material 
-9 -1 from that wind at a rate of roughly 10 yr . The exact parameters 
are not at all critical, however, as theoretical modeling by Paczynski 
and Zytkow (1978) shows that a white dwarf accreting hydrogen rich 
-11 -7 -1 
material at a rate of 10 to 10 yr will experience periodic 
hydrogen shell flashes, each outburst lasting on the order of decades or 
longer. 
The increased flux from such an eruption, particularly in the 
ultraviolet region, and the accompanying increase in radiation pressure 
will tend to eject the hot subdwarf's hydrogen atmosphere in the form of 
a stellar wind of its own. This wind would be driven by direct momentum 
7 
transfer between the radiation field and the atmospheric gas, much as in 
-1 0 type stars which have wind velocities of ~1000 to 3000 km s (Conti 
1978). This newly erupted wind may continue as long as the luminosity 
remains at its outburst level. 
The two winds will not diffuse into one another, as the mean free 
path length of a wind particle through the opposing stellar wind is 
relatively short (Kwok et al. 1978; Huang and Weigert 1982). Instead 
the winds will collide and material from both winds will begin to 
accumulate along the boundary where the winds meet, forming an 
expanding, initially spherical shell around the erupted secondary. This 
nebular shell will become deformed as the slow wind of the primary halts 
further expansion of the shell in the direction of the primary, while 
the "backside" of the shell continues to expand, driven from within by 
the fast wind of the secondary and continuing to sweep up material from 
the primary's wind (see Figure la). This view of the formation and 
development of the colliding wind nebula is supported, quantitatively, 
by the simple dynamic model to be presented later. This model also 
considers the effect of the stars' orbital motions which have thus far 
been ignored in our discussion. 
Within the immediate vicinity of the binary the shell will reach a 
steady state configuration (Figure lb). Material will collect from 
both stellar winds in the innermost region and flow outward along the 
shell to the outer portions of the nebula. In reality, the structure of 
this steady state region will be complicated. Both winds are 
supersonic, so shocks will form along both the inner and outer surfaces. 
FIGURE 1. Colliding wind model for eruptive symbiotic systems 
a) (Top) The expanding nebula is confined by the slow wind 
of the cool giant and the fast wind of the recently 
erupted, hot companion star. 
b) (Bottom) The conical portion of the shell, shown in 
more detail, is expected to reach a steady state 
conf iguration. 
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creating a wedge shaped interaction region. Although within this region 
the net flow must be outward, within the wedge, one would also expect a 
significant amount of turbulence due to two stream instabilities and 
velocity gradients perpendicular to the flow. 
This steady state region is of particular interest. As discussed 
in WWSB, the region's proximity to the ionizing ultraviolet flux of the 
hot secondary along with its overall geometric and kinematic structure 
provide a natural site for the formation of the high ionization emission 
lines observed for eruptive symbiotics in general, and for V1016 Cyg in 
particular. 
In the following chapter, a numerical model which approximates this 
steady state region will be developed. It will allow us to relate the 
overall physical structure of the region to the parameters of the 
stellar winds which sustain it. 
11 
THE STEADY STATE SHELL FORMULATION 
Assumptions 
We may simplify our treatment of the rather complicated steady 
state region described earlier by employing the following assumptions: 
1. Each of the two stellar winds is spherically symmetric and 
constant. 
2. The orbital motion of the binary may be ignored. 
3. The interaction region is sufficiently thin that it may be treated 
as a zero-thickness surface, a shell. 
The first and second assumptions imply azimuthal symmetry for the shell 
about the line joining the two stars, thus reducing the dimension of the 
problem. The third assumption allows us to describe the shell using the 
principle of momentum conservation, thus avoiding the complicated, and 
somewhat uncertain, internal energetics and thermodynamics. 
An idealized steady state shell model, similar to the one presented 
here and based on identical assumptions, has been developed by Huang and 
Weigert (1982). However, an unfortunate error in the derivation of one 
of their governing equations prevents the direct use of their numerical 
results (Weigert 1984). Still, their models, which utilize a different 
mathematical formulation, are very useful, revealing the general 
characteristics of the simple steady state shell. 
We will base our formulation on a general description of 
axisymmetric flows developed by Giuliani (1982). The equations he 
derives present a flexible framework which allows not only for the 
12 
features of our present formulation, but also additional refinements, 
such as a finite thickness shell, which may be included in future 
calculations. 
Governing Equations 
Following Giuliani's formulation, a polar coordinate system is 
used. It is centered on the erupting secondary which is interior to the 
overall expanding nebula. Properties of this star are designated by the 
subscript i, as shown in Figure 2. The outer star, the primary, and its 
wind parameters are given the subscript o. Note that actually in the 
steady state model the spherical portion of the expanding shell is 
ignored, and thus the terms "inner star" and "outer star" are purely 
artificial. Nonetheless, the star labeled "outer" may be regarded as 
the source of the slow red giant wind, in keeping with the notation of 
the dynamic model formulation presented in the next chapter. 
The stars are separated by a distance D. The surface of the shell 
is defined by R^(0), with the additional dimension suppressed in the 
azimutha1 symmetry. A second variable, Ç(0), is the angle between the 
normal to the shell surface and the position vector (R^,8). The mass 
surface density of material in the shell is given by o(9), and (0) is 
the velocity of the shell material flowing outward along the interface. 
The inner (outer) star is the source of a steady wind with mass loss 
rate M. (M ) and velocity u. (u ). I O 10 
The angles xp and 0 and distance variable R^, shown in Figure 2, 
will also be used when convenient. 
FIGURE 2. Coordinate system and variables of the steady state 
formulation 
14 
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Note that, 
(4) -R^ = D^+R^^-2DR^cos0 , 
and 
(5) <f> = arccos[ (R^^+R^^-D^)/2R^R^] . 
The structure of the zero-thickness shell is described by four 
differential equations in Giuliani's formulation. With the steady state 
condition, the equation representing the conservation of mass may be 
used in its integrated form. This equation will be derived directly. 
The remaining three equations will be given without derivation. They 
are taken directly from Giuliani's paper with slight changes in 
notation. 
The first of these equations is a purely geometric relationship 
between the coordinate variables, 
(6) tans = 1 , 
which is Giuliani's equation 5. 
Next, we need expressions of the conservation of momentum both 
parallel to and perpendicular to the shell surface. Extracting the 
appropriate terms from Giuliani's equations 43 and 44 yields. 
(7) 0 = -P^U_L (u„ -u„)+p.Uj_ II" , 
0  0  I X  1  
for flow along the shell, and 
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(8) 0 = -p__.j,2+p.u^f+»u„2 ^ (l+f§) , 
0 1 1 
for momentum balance perpendicular to the shell, where the mass 
densities of the stellar winds, 
(9) and p^ = M./4itR^^U. , 
and the wind velocity components, 
U|i = u^sin(0-Ç) u_L = u^cos(0-Ç) 
0 0 
(10)  
= -u^sinÇ Uj_ = u.cosÇ , have been introduced. 
1 1 
The three terms in equation (7) represent the parallel momentum flux 
into the shell from the two winds and the resulting gradient in the 
shell's internal momentum flow. The first two terms in equation (8) 
represent the opposing ram pressures of the two winds, and the third 
term represents the centripetal acceleration of the flow along the 
curved shell. 
An expression of the conservation of mass will now be derived. 
Consider the two dimensional portion of the shell defined in the 
following manner. At 0 = 0^, R^(0^) is a point on the shell, as are all 
the points along the line given by R^(0) for 0 < 0^. Rotating this line 
about the symmetry axis sweeps out a portion of the shell whose boundary 
is a circle of circumference ZirR^sinG^, and which intercepts all 
material leaving the inner star in a solid angle 2ir(l-cos0^). Material 
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is thus added to this segment of the shell at the rate M.(T-cos8^)/2 by 
the inner star's wind and (l-cosTfi^^/Z by the outer star's wind. Under 
steady state conditions, the combined rate must be equal to the rate at 
which material is leaving this portion of the shell outward through its 
circular boundary. Thus, 
Cll) M. Cl-cos8 )/2 + M Cl-cosi;> )/2 = ZirR s in 8 a(9 )u (8 ) . \  O  0  C  X C O - ' C  
This expression must apply at any 8, therefore 
(12) M^Cl-cos8) + M^(14-cos(*+8)) = 4-rrR^sin8 ou^ , 
making use of the relation, cosr(i = -cos(0+6). 
Equations (6), (7), (8) and (12) govern the geometric structure, 
mass distribution and velocity distribution of the steady state, zero-
thickness shell. It is possible to rewrite these equations in terms of 
the following dimensionless variables, normalized with respect to the 
binary separation and the outer (red giant) wind parameters, 
^1 " ' 
q = a u D/M 
0 0 
A similar normalization of the inner star's wind parameters reduces 
the number of independent model parameters to just two, the ratios 
m = M./M and w = u./u 
18 
Substitution into equations (6), (7), (8) and (12) along with the 
relations (4) and (5) yields, 
(13) ||l = -r^ tanÇ , 
(14) = 4TTq^ o^sg [ -cos (<^ -g) (sin((^ -C)-u)/r^  ^+ mcosÇ(-wsinÇ-u)/r^ ]^ , 
i = 4.I^ cos; - ™==s'c/rj2l -1 . 
(16) q = [i+cos(<J+9)+ra(l-cos0) ]/4Trr^ usin0 , 
where now, 
(17) = l+r^ -^2r^ cos0 
and 
(15) 0 = arccos[(r^ +^r^ -^l)/2r^ r^ ] . 
Before the system of equations can be solved, boundary values for 
the variables and their derivatives must be found for 6=0, that is at 
the point of the shell lying on the symmetry axis. As one would expect, 
ç]g_0 = 0 and u]g_Q = 0. We find by insisting that at 6 = 0 the 
perpendicular momentum fluxes of the two winds must balance, 
(19) M.u^ /4irR^  ^= , 
which in nondimensional form is 
(20) = (1+1/v^ )"^  . 
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As for the derivatives at 0 = 0, equation (13) gives 
il] 0=0 = ° • 
but equations (14), (15 and (16) are ill-defined at 0 = 0. Each of 
these may be evaluated in the limit as 0 0 by two successive 
applications of L'Hôpital's rule. This yields 
dl]8=0 =  3 ^  ,  
(-2-Î1 = -(2+3T/mw) 
 ^ d8 j8=0 5 
C2M ql0=o = lli Wi+i/w)^  . 
This last expression is most convenient, giving the mass surface density 
of the shell at 0 = 0 as a simple function of the wind parameters. 
Solutions 
With the above expressions for the starting values of the 
functions, the set of equations (13), (14) and (15) may be solved 
numerically. A listing of the FORTRAN computer program used to perform 
the numerical integrations is given in Appendix B. The variables used 
are listed and defined in Appendix A. The program employs the Runge-
Kutta integration algorithm of order four to solve the coupled 
differential equations (Burden et al. 1981). 
The program was used to obtain solutions for a range of values of 
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the input parameters m = M^ /M^  and w = o./u^ . The results for a 
representative model, with m = 0.1 and w = 100, are shown in Figure 3. 
The shell's distance from the inner star, its mass surface density, and 
its internal velocity are plotted as functions of 6. Since q is the 
dimensionless mass per unit surface area of the shell, and the shell's 
surface area changes dramatically as 8 increases, the quantity 2iTr^ qsin6 
has also been plotted to better illustrate the mass distribution. This 
quantity is the mass per unit length outward along the shell. 
As suggested by the plot of r^  in Figure 3, and seen more clearly 
in the data of Table 1, from which Figure 3 was produced, there exists 
an angle, 0', which the shell approaches asymptotically. This is a 
general characteristic of the steady state model solutions. It allows 
for the approximation of a large portion of the steady state region by a 
simple geometry, a truncated cone with apex angle 0'. This 
approximation was used in WWSB in generating theoretical line profiles 
which were fitted to the observed [FeVII], [AV] and [SIII] emission line 
profiles of V1016 Cyg, The implied conical geometry of this system will 
be discussed later. 
A remarkable property of the models, shown explicitly in the 
formulation of Huang and Weigert (1982), is the dependence of the shape 
of the shell, and hence the angle 0', only on the product mw. Although 
this dependence is not obvious from a cursory examination of equations 
(13) through (15), it is readily seen in the solutions. Table 1 
contains the numerical data used to generate Figure 3, the m = 0.1, 
w = 100 model solution. Compare with Table 2 which contains the m = 10, 
FIGURE 3. Steady state structure of an m = 0.1, w = 100 model 
The dimensionless distance from the inner star, r^ , 
internal shell velocity, u, and shell mass surface density, 
q, are plotted as functions of the angle 0. The value of 
the asymptotic cone angle for this model is 51°. 
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TABLE 1. Steady state model solution for m = 0.10, w = 100 
Crad.) (deg.) (rad.) (deg.) 
0. 0000 0 .00 0. 75975 0. 19253 0. 0000 0. 000Ô 0 .00 
0. 0035 0 .20 0. 75975 0. 19250 0. 0096 -0. 0083 -0 .48 
0. 0349 2 .00 0. 76081 0. 19196 0. 0959 -0. 0802 -4 .60 
0. 0698 4 .00 0. 76403 0. 19028 0. 1918 -0. 1601 -9 .17 
0. 1047 6 .00 0. 76945 0. 18749 0. 2877 -0. 2396 -13 .73 
0. 1396 8 .00 0. 77719 0. 18365 0. 3837 -0. 3184 -18 .24 
0. 1745 10 .00 0. 78739 0. 17880 0. 4797 -0. 3963 -22 .70 
0. 2094 12 .00 0. 80027 0. 17302 0. 5758 -0. 4730 -27 .10 
0. 2444 14 .00 0. 81609 0. 16639 0. 6721 -0. 5485 -31 .43 
0. 2793 16 .00 0. 83522 0. 15898 0. 7685 -0. 6225 -35 .67 
0. 3142 18 .00 0. 85811 0. 15091 0. 8651 -0. 6948 -39 .81 
0. 3491 20 .00 0. 88537 0. 14226 0. 9621 -0. 7653 -43 .85 
0. 3840 22 .00 0. 91778 0. 13315 1. 0596 -0. 8337 -47 .77 
0. 4189 24 .00 0. 95635 0. 12367 1. 1576 -0. 9001 -51 .57 
0. 4538 26 .00 1. 00244 0. 11393 1. 2562 -0. 9642 -55 .24 
0. 4887 28 .00 1. 05791 0. 10402 1. 3557 -1. 0260 -58 .78 
0. 5236 30 .00 1. 12532 0. 09404 1. 4561 -1. 0854 -62 .19 
0. 5585 32 .00 1. 20829 0. 08407 1. 5577 -1. 1424 -65 .45 
0. 5934 34 .00 1. 31217 0. 07419 1. 6605 -1. 1969 -68 .58 
0. 6283 36 .00 1. 44515 0. 06446 1. 7648 -1. 2490 -71 .57 
0. 6632 38 .00 1. 62038 0. 05495 1. 8707 -1. 2988 -74 .41 
0. 6981 40 .00 1. 86049 0. 04569 1. 9783 -1. 3461 -77 .13 
0. 7330 42 .00 2. 20786 0. 03673 2. 0878 -1. 3911 -79 .70 
0. 7679 44 .00 2. 75222 0. 02809 2. 1992 -1. 4340 -82 .16 
0. 8029 46 .00 3. 72249 0. 01979 2. 3127 -1. 4747 -84 .50 
0. 8378 48 .00 5. 92708 0. 01184 2. 4284 -1. 5134 -86 .71 
0. 8727 50 .00 15. 74901 0. 00425 2. 5461 -1. 5503 -88 .82 
0. 8936 51 .20 > 1000 -0. 00004 2. 6184 -1. 5715 -90 .04 
24 
TABLE 2. Steady state model solution for m = 10.0, w = 1.00 
0 r^  g u Ç 
(rad.) (deg.) (rad.) (deg.) 
0. 0000 0. 00 0. 75975 0 .75494 0 .0000 0. 0000 0 .00 
0. 0035 0. 20 0. 75975 0 .75489 0 .0048 -0. 0082 -0 .47 
0. 0349 2. 00 0. 76081 0 .75395 0 .0484 -0. 0802 -4 .60 
0. 0698 4. 00 0. 76403 0 .75093 0 .0966 -0. 1601 -9 . 17 
0. 1047 6. 00 0. 76945 0 .74593 0 . 1443 -0. 2396 -13 .73 
0. 1396 8. 00 0. 77719 0 .73894 0 .1913 -0. 3184 -18 .24 
0. 1745 10. 00 0. 78739 0 .72997 0 .2374 -0. 3963 -22 .70 
0. 2094 12. 00 0. 80027 0 .71901 0 .2825 -0. 4730 -27 . 10 
0. 2444 14. 00 0. 81609 0 .70609 0 .3262 -0. 5485 -31 .43 
0. 2793 16. 00 0. 83522 0 .69117 0 .3686 -0. 6225 -35 .67 
0. 3142 18. 00 0. 85811 0 .67427 . 0 .4093 -0. 6948 -39 .81 
0. 3491 20. 00 0. 88537 0 .65534 0 .4483 -0. 7653 -43 .85 
0. 3840 22. 00 0. 91778 0 .63435 0 .4854 -0. 8337 -47 .77 
0. 4189 24. 00 0. 95635 0 .61123 0 .5207 -0. 9001 -51 .57 
0. 4538 26. 00 1. 00244 0 .58590 0 .5539 -0. 9642 -55 .24 
0. 4887 28. 00 1. 05791 0 .55826 0 .5852 -1. 0260 -58 .78 
0. 5236 30. 00 1. 12532 0 .52817 0 .6144 -1. 0854 -62 .19 
0. 5585 32. 00 1. 20829 0 .49547 0 .6417 -1. 1424 -65 .45 
0. 5934 34. 00 1. 31217 0 .45998 0 .6669 -1. 1969 -68 .58 
0. 6283 36. 00 1. 44515 0 .42146 0 .6902 -1. 2490 -71 .57 
0. 6632 38. 00 1. 62038 0 .37967 0 .7117 -1. 2988 -74 .41 
0. 6981 40. 00 1. 86049 0 .33433 0 .7313 -1. 3461 -77 .13 
0. 7330 42. 00 2. 20786 0 .28513 0 .7493 -1. 3912 -79 .71 
0. 7679 44. 00 2. 75222 0 .23171 0 .7657 -1. 4340 -82 . 16 
0. 8029 46. 00 3. 72249 0 .17371 0 .7806 -1. 4747 -84 .50 
0. 8378 48. 00 5. 92708 0 .11074 0 .7941 -1. 5134 -86 .71 
0. 8727 50. 00 15. 74901 0 .04234 0 .8063 -1. 5503 -88 .82 
0. 8936 51. 20 > 1000 -0 .00115 0 .8130 -1. 5715 -90 .04 
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w = 1 model solution. The variable which specifies the shell's 
geometry, r^ , is the exact same function of 0 for these two models. 
This is a consequence of their sharing the same value for the product of 
the input parameters, mw. The geometric structure of the steady state 
shell is shown in Figure 4 for a range of values of mw. Again recall 
that rotating the curves about the line joining the two stars will 
produce the shell surface in three dimensional space. Note that the 
effect of the centripetal acceleration of the shell material, 
represented by the third term in equation (8), is to straighten out the 
shell quite rapidly. In all cases the curved portion of the shell is 
relatively small, as the shell quickly approaches its asymptotic limit 
of 0'. The dependence of 8' on the parameter mw is shown in Figure 5. 
Although both the shell's internal velocity and mass density 
distributions depend on both wind parameters, m and w, Huang and Weigert 
2 (1982) have shown that the combination qu depends only on the product 
mw. This can also be seen in the" model solutions given in Tables 1 and 
2 2. For any given 0, the value of qu is the same in these two models. 
Making use of this property, a new variable may be defined, 
(25) f = qu^  , 
which may be thought of as the shell's internal momentum flux. 
Note that a particular model is specified by both parameters m and 
w, but the single product, mw, specifies a set of shell models with 
similar shape and momentum flux distribution. Nine such sets of models 
are presented in Table 3. By additionally specifying m, or equivalently 
FIGURE 4. Geometry of various steady state shells 
The shells are labeled with the value of the parameter, mw. 
The stars lie on the horizontal axis at the points (0,0) 
and (0,1). 
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FIGURE 5. Asymptotic cone angle as a function of mw 
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TABLE 3. Steady state model solutions for a range of values 
of the parameter mw 
0 * f 
(deg.) (deg.) (deg.) 
5.0 170.0 .502 -5.0 .00081 
10.0 160.0 .508 -10.0 .00318 
20.0 140.0 .532 -20.0 .0121 
40.0 100.0 .653 -40.0 .0390 
60.0 60.0 1.00 -60.0 .0564 
85.0 10.0 5.74 -85.0 .0194 
90.0 0 oo -90 0 
5.0 163.8 .696 -8.7 .00468 
10.0 147.7 .710 -17.3 .0181 
20.0 116.0 .773 -34.1 .0631 
30.0 85.3 .907 -49.9 .112 
45.0 42.5 1.48 -70.9 .130 
55.0 16.4 3.36 -82.9 .0760 
61.8 0 
~ 
-90 0 
5.0 159.3 .766 -11.5 .0109 
10.0 138.7 .787 -22.7 .0411 
20.0 99.1 .885 -43.8 .132 
30.0 62.1 1.13 -62.2 .199 
40.0 30.4 1.86 -77.1 .179 
50.0 2.9 15.7 -88.8 .0275 
51.2 0 -90 0 
5.0 140.1 .892 -22.8 .0872 
10.0 102.6 .946 -43.4 .289 
15.0 70.0 1.06 -60.2 -496 
20.0 42.7 1.31 -72.8 .564 
25.0 21.5 1.98 -81.8 .477 
30.0 4.74 6.89 -88.3 .165 
31.6 0 «0 -90 0 
4.0 136.5 .924 -25.0 .145 
8.0 97.1 .973 -46.9 .469 
12.0 63.9 1.08 -63.7 .763 
16.0 37.5 1.32 -75.4 .885 
20.0 18.5 1.96 -83.2 .753 
24.0 4.3 6.33 -88.5 .280 
25.4 0 oo -90 0 
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TABLE 3. (continued) 
mw 0 0 ri Ç f 
(deg.) (deg.) (deg.) 
500 2.0 134.6 .965 -26.9 .364 
5.0 74.7 1.02 -58.3 1.58 
8 . 0  37.8 1.17 -75.8 2.42 
10.0 22.2 1.41 -82.1 2.53 
12.0 11.4 2.01 -86.0 2.12 
14.0 3.5 4.92 -88.8 1.01 
15.0 0 -90 0 
1000 1.0 147.9 .972 -19.1 .690 
3.0 90.7 .998 -51.3 1.78 
5.0 49.7 1.07 -70.9 3.24 
7.0 26.2 1.24 -80.8 3.98 
9.0 12.1 1.72 -85.9 3.69 
11.0 3.3 4.26 -88.9 1.82 
12.0 0 « -90 0 
5000 1.0 111.4 .993 -39.9 2.46 
2.0 59.4 1.02 -66.0 6.59 
3.0 32.7 1.08 -78.4 9.71 
4.0 17.4 1.22 -84.1 11.5 
5.0 8.9 1.55 -87.0 11.3 
6.0 3.7 2.59 -88.7 8.09 
7.0 0 -90 0 
10000 0.5 132.4 .992 -29.1 1.88 
1.0 89.5 1.00 -52.5 5.96 
2.0 34.6 1.05 -76.6 13.3 
3.0 16.1 1.18 -84.5 17.8 
4.0 6.9 1.57 -87.7 17.8 
5.0 2.1 3.43 -89.3 10.2 
5.5 0 o o  -90 0 
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w, the velocity structure for any model can be determined from the data 
in Table 3 along with the following revised form of equation (16), 
(26) u = 4nr^ sin0 f/[ 1+cos (i^ +0)+m(l-cos8) ] . 
Having thus obtained the velocity distribution, the mass surface 
density follows immediately from equation (25). Recall that the mass 
surface density at the point 0 = 0 is given by equation (24). Thus 
complete mass and velocity distributions corresponding to virtually any 
set of model parameters can be interpolated from Table 3. 
33 
THE DYNAMIC SHELL FORMULATION 
A formulation which describes the time development of the colliding 
wind nebula is desired. By including the effects of the stars' orbital 
motions, the model forfeits its azimuthal symmetry. Simplifying 
approximations will be needed to compensate for this difficulty. 
Assumptions and Formulation 
The model is based on the following assumptions: 
1. Both winds are spherically symmetric. 
2. The outer (red giant) star has sustained its constant wind for a 
sufficient time to permeate the space surrounding the binary. 
3. The inner star's wind turns on abruptly at time t = 0, and 
continues at a constant rate. 
4. The shell is sufficiently thin that it may again be treated as 
having zero thickness. 
5. The stellar orbits are circular and the stars are of equal mass, 
(i.e. the orbits are centered on the midpoint of the line joining the 
two stars). 
Only a cross-section of the nebular shell, that which lies in the 
binary's orbital plane, is considered. The shell is represented by a 
series of independent shell points, (Figure 6), which accumulate mass 
and momentum from the two stellar winds. The shell point trajectories 
then simulate the time development of the shell. 
At time t, a shell point has a mass m^ , and velocity u^ . In the 
FIGURE 6. Coordinate system and variables of the dynamic shell 
formulation 
Shell points 
/ I \ 
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time interval At, it will accumulate an amount of mass from the outer 
wind equal to 
(27) CAm^ )^  = PqICU^ j-U^ )! bR^ A^t , 
and an amount 
(28) (Am^ )^  = pj(u.-u^ )l bR^ A^t , 
2 from the inner wind. In these expressions, bR^  is a measure of the 
local expansion of the shell, b is a shape factor which is set equal to 
a constant for all shell points, thus simplifying the calculations. 
Sample runs using a more exact, and much more complicated, treatment of 
the shape factor indicate that this apparently drastic approximation 
does not appear to have a major effect on the numerical results. 
In the time interval. At, the shell point will also acquire 
momentum from the winds. 
->• 
(29) A(m^ u^ ) = u^ (Am^ )^ +u.^ (Am^ ) . , 
after which the shell point's velocity will become 
(30) (0^ )]^ ^^  ^= [(m^ u^ )+A(m^ u^ )]/[m^ +CAm^ )^ +(Am^ ).] . 
Each shell point's mass and velocity are updated after each successive 
time interval, as are the relative positions of the two stars along 
their orbital paths. Also, after each time interval a determination is 
made, (interactively), as to whether or not each shell point is "hidden' 
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from one or both winds by intervening portions of the shell. If so, the 
point no longer accumulates material from that wind, following a delay 
which takes into account the travel time of the wind to the "hidden" 
portion of the shell. 
Initially, at t = 0, the onset of the inner star's wind, the shell 
points are taken to be in a mass less circular ring of arbitrarily small 
radius, centered on the inner star. A specific model is then 
characterized by the following input parameters: 
m = the ratio of mass loss rates, 
u^ , the inner wind velocity, 
u^ , the outer wind velocity, 
P, the orbital period, and 
D, the orbital separation. 
Results 
There are two limiting cases for which the predictions of this 
dynamic formulation can be compared to known solutions. First, in the 
limit that D approaches zero, a single star becomes the source of both 
the slow and the fast winds. In this case, the model reduces to a 
description of the planetary nebula formation process proposed by Kwok 
et al. (1978), in which the slow wind of a red giant star is replaced by 
a fast wind as the star's hot core is exposed. A spherically symmetric 
expanding shell forms at the boundary between the two winds. The 
shell's expansion velocity quickly reaches a terminal velocity, 
which is a function of the parameters of the two stellar winds. 
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(31) "shell - "i W4VE7 • 
This behavior is reproduced exactly in the limit D ^  0 by the dynamic 
model formulation of this chapter. 
These models also indicate that even in the general non-zero 
separation case a substantial portion of the shell, that which is 
farthest from the red giant star, expands in a roughly spherical 
fashion. However, the expansion rate slows to its asymptotic limit, 
"shell'  ^much longer timescale. In Figure 7, the velocity of the 
"backside" of the shell is shown as a function of t, the time since 
eruption, for two models with non-zero separation values. By contrast, 
the shell velocity of a zero separation model with similar wind 
parameters is within 1% of less than 0.01 yr. 
The second limiting case which may be tested is that of a model 
which is allowed to fully develop its conical steady state region. By 
artificially setting the orbital period to infinity, the appropriate 
portion of the dynamic model shell should, given enough time, come to 
resemble the steady state shell of the previous chapter. In Figure 8 
the geometry, mass distribution and velocity distribution as predicted 
by the dynamic model formulation are shown for a model with m = 0.1, 
-1 -1 1000 km s • , u^ = 10 km s , (w = 100), ? = <*>, 20 years after the 
eruption of the inner wind. The results of this dynamic model with no 
orbital motion are qualitatively similar to those shown in Figure 3, a 
steady state model with identical wind parameters. The differences are 
due to the approximate nature of the dynamic model formulation which is 
FIGURE 7. Deceleration of the spherical backside of the shell 
The expansion velocity of the backside of the shell 
approaches its asymptotic limit, more rapidly for 
smaller binary separation distance, D. 
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m = 
V; = 1000 km/s 
Vo= 10 km/s 
D = 20/MJ 
D = 5AU 
1 
J. 
0.0 0.5 1.0 1.5 
t {years] 
FIGURE 8. Steady state structure of an m = 0.1, w = 100 system as 
simulated by a well-developed, non-rotating, dynamic model 
The data were produced by artificially suppressing the 
orbital motion in the dynamic formulation, and allowing the 
model to develop to a time of 20 years after expansion. 
Compare with Figure 3, the steady state formulation 
structure of a model with similar wind parameters. 
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less reliable in this conical portion of the shell, due largely to its 
highly nonspherical geometry. 
The ability of the dynamic model to correctly produce the steady 
state cone apex angle over a wide range of values for m and w is 
illustrated in Figure 9. A series of models was run for each of the 
values of the product mw indicated in the figure by the position of the 
vertical bars. At each position, three models were generated having 
different values for m and w individually, but with the value of their 
product kept constant. The extent of each vertical bar corresponds to 
the range in cone angle which resulted from a variation of four orders 
of magnitude in the ratio m/w. The dynamic model shows a reasonable 
degree of consistency and agrees very well with the predictions of the 
steady state model represented by the smooth curve in Figure 9. 
Its limitations considered, the dynamic model provides a useful 
description of the time development of the entire nebular shell in a 
system with non-negligible orbital motion. This time development, as 
predicted by the dynamic model formulation, is shown in Figure 10 for a 
typical set of model parameters. This system consists of a binary with 
separation D = 20 AU, orbital period P = 60 yrs, stellar wind velocities 
**1 *" 1 ' * 
u.= 500 km s and u = 20 km s , and mass loss ratio m = M./M = 2. The % o t o 
expanding shell is shown at times +1, +5, +10, +20, +30 and +45 years 
after eruption of the inner star. Note the effect of the orbital 
motion. Not only does the "conical" portion of the shell become warped, 
but the cone apex angle is effectively decreased, at least along the 
orbital plane. This same model with no orbital motion would have a cone 
FIGURE 9. Asymptotic cone angle as a function of mw as simulated by 
non-rotating, dynamic models 
The error bars indicate the variation in 9' as the ratio 
4 
m/w was varied by a factor of 10 , while keeping mw 
constant. The exact relationship, as predicted by the 
steady state formulation, is indicated by the smooth curve. 
45 
9 0 '  
60 
4 0 '  
3 0 °  
0  1 2  3  4  
log mw 
FIGURE 10. Evolution of a colliding wind nebular shell based on the 
dynamic shell formulation 
The model shown is of a binary with separation D = 20 AU, 
orbital period P = 60 yrs, stellar wind velocities 
-1 -1 
u^= 500 km s and u^= 20 km s , and mass loss rate ratio 
m = 2, at times t = 1, 5, 10, 20, 30, and 45 yrs 
after eruption. Note the three different plot scales 
used. 
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apex (half) angle of 31.6°. Also notice that the "conical" region 
eventually pinches in and closes itself after 45 years, which is three 
quarters of the orbital period. The spherical portion of the shell 
expands at a rate near Ug^ell' ^ ^^^h for this system is 126 km s ^. 
In general, the results of the simple dynamic formulation do 
support the intuitive geometric model speculated upon in the 
introductory chapter. In the following chapter, the validity of both 
the steady state and the dynamic formulations will be examined more 
closely. In the final chapter, the models will be used to help explain 
the characteristics of the eruptive symbiotic systems V1016 Cyg and HM 
Sge. 
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VALIDITY OF THE MODELS 
Both of the model formulations which have just been presented are 
based on crucial, simplifying assumptions. Obviously, the extent to 
which these assumptions are valid approximations for real systems 
determines the validity of the models as representations of those 
systems. Some of the key model assumptions will now be discussed in an 
attempt to determine their appropriateness for eruptive symbiotic 
systems, and to establish the limitations of the models. 
The Zero-Thickness Shell Approximation 
The Steady State Region 
The assumption of a zero-thickness nebular shell is perhaps the 
single most critical simplification. Its consequences are not just of a 
geometric nature. More importantly, it involves the neglect of physical 
processes within the shell, such as radiative and thermal energy 
transfer, and the resulting (thermal) pressure gradients both parallel 
to and perpendicular to the shell surface. There also has been no 
attempt to explicitly include in the formulation the details of the 
shock fronts which confine the presumably thin shell. Under what 
circumstances will a thin shell bounded by two shocks be formed? 
Let us first try to answer this question for the inner, conical 
portion of the shell. In this region the winds do not, in general, 
strike the shell at a right angle, but instead, at some oblique angle. 
The result is that the flow from, say, the dominant wind is deflected by 
an angle o (Figure 11a). An oblique shock will result, the shock front 
FIGURE 11. Oblique shocks 
a) (Top) The wind is deflected through an angle a, and 
the shock forms at an angle relative to the original 
direction of the wind. 
b) (Bottom) For uniform, planar flow, if the deflection 
angle is greater than the critical angle, the shock 
is detached and curved, forming at a finite distance in 
front of the wedge. 
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forming at an angle 3 relative to the original wind flow direction. Due 
to the curvature of the shell and the close proximity to the center of 
the spherical wind distibution, the angle o will vary along the surface 
of the shell. For this reason, it will be necessary to consider a range 
of values of a in order to estimate the angular thickness, 3 - a, for a 
typical shell. 
The relationship between o and 3, as well as other preshock and 
postshock parameters, may be derived by considering mass, momentum and 
energy conservation across the shock front. From Shapiro (1953), with 
minor changes in notation, the equations governing oblique shocks are, 
(32) ^2 = cos(3)/cos(3-a) , 
(33) tan(3)/tan(3-ct) , 
(34) = p^o^^sin^(3) (l-Pi/Pg) [(Xp^/Pi -l)/(X-p2/p^) -1]"^ , 
(35) = P^KXp^/p^ -D/fX-p^/p^)] = + p^u^^sin^(3) (l-p^/pg) , 
Y+1 
where X = • In these equations, u is the velocity, p the 
density, and P the pressure of the gas. The subscript 1 denotes 
preshock values, and the subscript 2 indicates postshock conditions. 
The gas constant, IS, is the ratio of the specific heats at constant 
pressure and constant volume. For an ideal monatomic gas, ï = 5/3. 
A measure of the strength of the shock is the Mach number, M, given 
by, 
(36) M = /p^u^^/3fP^ . 
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In the limit that the thermal pressure in the preshock region is 
negligible, M and the oblique shock equations become. 
(37) P2 = Xp^ , 
(38) g = arctan (X-1) - /(X-l)^-4Xtan^Ca) 2tan(o) 
(39) «2 - cos(B)/cos(g-a) , and 
(40) = |p^u^^sin^(B) . 
An interesting feature of oblique shocks, seen most readily in the 
form of equation (38), is the existence of a critical deflection angle, 
"^max' which the shock angle, g, becomes ill-defined. For very 
strong shocks, M -*• «, the value of is given by 
(41) "max ~ arctan[(X-l)/2/X] . 
For deflection angles greater than the shock is detached, forming 
at a distance d in front of the wedge, as shown in Figure lib. For 
uniform, planar flow, this distance is proportional to the length Z, 
indicated in the figure (Sedov 1965). The shock front is curved, 
instead of being described by a single value of g. Also, near the point 
of the wedge, the flow is subsonic, becoming supersonic farther out 
along the wedge (Milne-Thomson 1973). 
For deflection angles less than equations (32) through (40) 
describe the resulting oblique shocks. These equations have been used 
to compile Table 4, which gives examples of shocks with various 
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TABLE 4. Oblique shocks 
Jl. p. u 
P2/P1 "2/"] 
i "1 
Cdeg) (deg) 
m 
5/3 0 5 .0 6 .7 4.00 .994 .0101 00 
5/3 .00594 5 .0 10 .0 2.02 .989 .0211 3.56 10.1 
5/3 .0455 5 .0 20 .0 1.36 .973 .0764 1.68 3.63 
5/3 . 112 5 .0 30 .0 1.24 .956 . 160 1.43 2.32 
5/3 0 10 .0 13 .4 4.00 .974 .0403 CO oc 
5/3 .00410 10 .0 15 .0 3.06 .970 .0492 12.0 12.1 
5/3 .0464 10 .0 25 .0 1.74 .938 . 122 2.64 3.60 
5/3 .145 10 .0 40 .0 1.45 .885 .274 1.89 2.04 
5/3 0 20 .0 27 .4 4.00 .895 . 159 CO CO 
5/3 .0111 20 .0 30 .0 3.27 .879 . 185 16.7 7.36 
5/3 .0607 20 .0 40 .0 2.31 .815 .295 4.85 3.14 
5/3 .141 20 .0 60 .0 2.06 .653 .527 3.75 2.07 
5/3 0 30 .0 43 .2 4.00 .749 .352 CO CO 
5/3 .00718 30 .0 45 .0 3.73 .732 .373 52.0 9.14 
5/3 .0260 30 .0 50 .0 3.27 .684 .434 16.7 4.80 
5/3 .0500 30 .0 60 .0 3.00 .577 .550 11.0 3.46 
1 0 5 .0 5 .0 .996 .0076 
1 .00594 5 .0 7 .6 2.94 .992 .0175 2.94 13.0 
1 .0455 5 .0 15 .2 1.51 .981 .0687 1.51 4.69 
1 .112 5 .0 22 .6 1.31 .969 .147 1.31 2.99 
1 0 10 .0 10 .0 CO .985 .0302 CO 00 
1 .00410 10 .0 11 .2 9.25 .981 .0379 9.25 15.6 
1 .0464 10 .0 18 .7 2.21 .958 .103 2.21 4.64 
1 .145 10 .0 28 .9 1.61 .925 .234 1.61 2.63 
1 0 20 .0 20 .0 oo .940 . 117 CO 
1 .0111 20 .0 21 .8 12.5 .929 .138 12.5 9.49 
1 .0607 20 .0 28 .3 3.70 .890 .224 3.70 4.06 
1 .141 20 .0 36 .4 2.50 .839 .353 2.50 2.66 
1 0 30 .0 30 .0 00 . 866 .250 00 CO 
1 .00718 30 .0 30 .9 36.9 .858 .263 36.9 11.8 
1 .0260 30 .0 33 .3 11.6 .838 .301 11.5 6.20 
1 .0500 30 .0 36 .0 6.91 .813 .346 6.91 4.47 
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deflection angles and Mach numbers. Both adiabatic, Z = 5/3, and 
isothermal (radiative), Z = 1, cases are considered. By setting and 
equal to one, the postshock values, and essentially become the 
ratios Pg/p^ and The preshock and postshock pressures then 
2 2 become the ratios P^/p^u^ and Pg/p^u^ . 
From the examples given in Table 4, some general properties of 
oblique shocks may be seen. The angular thickness of the shock, 3 - a, 
is smaller for isothermal shocks. In fact, aa P^ ^  0, (thus M "^ »), the 
isothermal shock becomes infinitesimally thin, the postshock density 
going to infinity. In the adiabatic case, the maximum value of p^ is 
four times that of p^. 
Let us attempt to estimate the position of the shock fronts which 
form in a typical two wind binary. Assume the following parameters for 
the system, 
• * 6 • 1 M = 10 M yr 
o o 
TJ = 10 km S ^ 
0 
• ~ 7 *1 M. = 10 M yr 
X © 
u. = 1000 km s ^ 
D = 10 AU 
T = 1000 K 
o 
T^ = 10,000 K , 
where T^ and T. are the preshock temperatures of the outer and inner 
winds, respectively. Assuming P^ = p^kT^/ym^j, where k is Boltzmann's 
constant and is the average particle mass, then the Mach number as 
defined in equation (36) becomes 
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(42) M = , 
which will be uniform throughout the wind. Thus, assuming 
-24 
= 1.67 10 g, the winds defined by the above parameters will have 
Mach numbers M =3.5 and M. = 110. The inner wind shock front will be 
0 1 
of essentially infinite strength in this case. 
Using an mw = 10 zero-thickness shell model to define the 
approximate position of the shell, and thus the direction of the 
postshock flow, the deflection angles of the two flows may be estimated. 
At any point along the shell, the inner wind will be deflected through 
an angle 
(43) a. = 90° - |;| , 
and the outer wind, through an angle 
(44) = 0 - 90° + U1 . 
The angles (ji and Ç are the same as those defined in Figure 2. 
It must be noted that equations (32) through (41) for oblique 
shocks were derived under the assumption of uniform, planar flow and not 
spherically symmetric, expanding flow such as we are dealing with. 
Local to a point along the shell, the two would be indistinguishable. 
However, an uncertainty arises in trying to determine how the geometry 
of the shock front in one region of the shell connects with that of a 
neighboring region. The procedure adopted here will be as follows. 
Start on the binary axis, at the head-on collision point. Here the 
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flow behind the shock will be subsonic, since the deflection angle, 
a = 90°, will exceed a . Estimate the thickness of the shell in this 
max 
region. A procedure for doing so will be given in the following 
section. The shock fronts will curve around the shell until a point is 
reached at which o is less than o . The position of the shock front 
max 
is now determined by calculating the shock angle, g, extending the shock 
at this angle for a finite distance into a neighboring region, then 
calculating a new 3 in this region and continuing the process. 
Using this procedure, the position of two isothermal shocks, 
(Figure 12a), and of two adiabatic shocks, (Figure 12b), have been 
calculated for the representative system whose wind parameters were 
given earlier. The overall angular extent of the isothermal shocks is 
approximately 10°. The adiabatic shock bounded shell is much thicker, 
over 20° in angular width. Also, in the adiabatic case, the extent of 
the region of subsonic flow, near the head-on collision point, is 
greater. In both cases, there is a significant difference between the 
velocity of the inner wind's postshock flow and that of the outer wind. 
Thus, it is expected that the flow within the shell would be turbulent, 
due to two stream instability. 
The one most obvious conclusion to be drawn from Figure 12, is that 
the assumption of a thin, conical, steady state shell is more likely to 
be satisfied by a system which produces a shell bounded by isothermal 
rather than adiabatic shocks. 
The Head-On Collision Region 
Since the oblique shock formulation of the previous section yields 
FIGURE 12. Steady state shell bounded by shocks 
a) (Top) Inner and outer isothermal shocks are shown 
relative to the position of the zero-thickness shell, as 
indicated by the dotted curve. The angle separating the 
shocks is ~10°. The stars are located on the horizontal 
axis at the points indicated. 
b) (Bottom) Adiabatic shocks form, separated by an angle 
of -22°. 
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only information on the angular thickness of the shock bounded shell, 
the linear thickness, as depicted in Figure 12, is dependent upon the 
thickness of the shell at the head-on collision point. This may be 
estimated in the following manner. 
A finite thickness shell, in the region of the head-on collision 
point, is sketched in Figure 13. Using the notation of the steady state 
formulation, the binary separation is D, and the inner and outer wind 
parameters are M., u. and u^. The shell has a thickness, d, its 
boundaries lying at a distance from the inner star, and from the 
outer star. The shell has mass density p, and kinetic temperature T, 
such that the pressure within the shell is 
(45) P = pkT/nm^ , 
where again, k is Boltzmann's constant and ^m^ is the average particle 
mass. If the surface mass density of the shell is o, then 
(46) p = o/d . 
By balancing the thermal pressure within the shell with the ram 
pressure of the inner wind at R^, and with that of the outer wind at 
R^ = D - d -R^, one obtains 
(47) ^ 11 = M^u./ 4t7R^^ , and 
(48) 
(49) 
2 4m(D-d-R^)^ , where 
n = kT/iim^jU^^ . 
FIGURE 13. Finite thickness shell of: the head-on collision point 
The variables used in the derivation of the shell 
thickness are shown schematically. 
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Equations (47) and (48) assume that the thermal pressure within each 
wind is negligible relative to the ram pressure of its expansion. 
Defining a dimensionless shell thickness, 
(50) 6 = d/D , 
equations (47) and (48) may be rearranged to yield 
(51) A = [4nDon/MgUg] r^^/mw , and 
(52) A = [4-iTDaTi/M^u^] (1-A-r^)^ , 
where r^ = R^/D , as before. 
Recall that an expression for the mass surface density at the head-
on collision point for a zero-thickness shell has already been derived. 
From equation (24), 
M 3 
(53) o =-^-Y6^i/mw(l+l/w) . 
o 
Actually, this expression is only valid for a shell with no thermal 
pressure gradient, along the shell, in the head-on collision region. 
However, it will be shown in the following chapter, that the effect of 
such a thermal pressure gradient is to lower the value of a below that 
predicted by equation (53). Thus, if the expression in equation (53) is 
substituted into equations (51) and (52), the resulting value of A will 
be, if anything, an overestimate of its true value. With this in mind, 
substitute for o, and eliminate r^ from equations (51) and (52) to give. 
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C54) A = 
[3n/mw(14-l/w)^] 1/2 
Figure 14 illustrates the relationship between A and the wind 
parameters w and raw, and the dimensionless shell temperature n. Note 
-24 that A(Ti,mw,w) = A(ti , l/mw,w). Assuming nm^ == 1.67 10 g and 
-1 Ug = 10 km s , it can be seen from Figure 14 that the shell thickness 
will be less than 20% of the binary separation distance if T < 12,000 K, 
for a w = 100 system. 
The Spherical Portion of the Shell 
It has been noted earlier that the backside, or nearly spherical, 
portion of the shell behaves approximately as if the two winds which 
confine it are concentric. Imamura and Chevalier (1984) have recently 
modeled the shock structure of two wind, concentric flows. They 
consider three different situations, one in which the shocks are 
adiabatic, another in which they are isothermal, and a third in which 
the electron and ion portions of the gas are treated separately, the 
electrons isothermally and the ions adiabatically. This third case is, 
in effect, the limit of strong thermal conduction. Conduction becomes 
important in hot, shocked gas provided there are no magnetic fields 
present, and plays an important role in the early evolution of supernova 
remnants (Spitzer 1978). 
The models of Imamura and Chevalier consist of an inner region of 
fast, unshocked wind, surrounded by a region of shocked inner wind 
FIGURE 14. Dimensionless shell thickness at the head-on collision 
point 
The shell thickness. A, is plotted as a function of the 
temperature parameter, ti , for a range of values of the 
wind parameters, w and mw. 
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material, followed by a region of shocked outer wind material, and, 
finally, the unshocked outer wind. A contact discontinuity at radius 
separates the two regions of shocked wind material. The inner shock is 
at radius , (<R^), and the outer shock at radius R^, (>R^). Their 
results show that a strong, adiabatic outer shock produces a value of 
R^/R^ > .84, for any set -of wind parameters. This represents a 
thickness of < 16% relative to the radius of the shell. The strong, 
adiabatic inner shocks modeled were generally much wider. The combined 
width of inner and outer wind regions, R^-R^, was greater than .20R^ for 
any combination of winds with w = greater than ~4.0. Such values 
of w would be too low to describe an eruptive symbiotic system. 
Apparently, the thin shell approximation would not be valid in the 
spherical portion of the shell, for a system with adiabatic shocks. 
However, Imamura and Chevalier did find that the gross structure of 
shells with strong heat conduction is similar to that of shells bounded 
by isothermal shocks. For increasingly strong, isothermal shocks, the 
shell becomes decreasingly narrow. 
The preceding sections indicate that the question of whether or not 
the shell may be regarded as thin, depends on whether or not it is 
bounded by isothermal, radiating shocks. 
Orbital Effects in the Dynamic Shell Formulation 
In addition to the simplifying assumption of a thin nebular shell, 
the dynamic shell formulation also relies on a simplified description of 
the binary orbit, and the neglect of its effect on the stellar wind 
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fields. The treatment, as described earlier, is admittedly very 
approximate. It is meant only to lend qualitative support to the 
intuitive notion of a generally spherical, expanding nebula with a 
conical portion that "winds up" slowly as the stars orbit one another. 
For such a purpose, it does not appear Worthwhile to construct a 
rigorous, complicated formulation. However, a brief discussion of the 
faults or weaknesses of the chosen formulation is appropriate. 
For a binary system with orbital parameters similar to those of the 
sample model calculated in Chapter III, P = 60 yrs and D = 20 AU, the 
_ 2 
orbital velocity of either star is 5 km s . The asymmetry produced in 
the velocity field of the fast wind by this orbital motion would be 
-1 
rather small. However, 5 km s is a significant fraction of the slow 
wind speed, chosen in the sample case to be 20 km s , but probably 
- 1  being as low as 10 km s in some systems. The radial component of the 
slow wind velocity field, relative to the system barycenter, would show 
a significant, sinusoidal variation as a function of distance from the 
barycenter. There would also be variations in the direction of the flow 
and in the density of the wind, these being most noticeable close to the 
system, and becoming less important at large distances. 
Would such variations affect the structure of the forming nebula? 
In the early stages of shell development, the effect may not be as 
drastic as one might suspect. The initial expansion of the shell is 
very rapid, several times the terminal expansion velocity, 
defined in equation (31). Relative to the expanding nebula, the slow 
-1 
wind field is virtually static, the 5 km s variations making little 
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difference. However, one or two years after eruption, the nebula 
expansion will slow to ~ Ug^ell' with the value of Ug^ell varying across 
the nebula due to variations in the values of u and w = u./u as "seen" 0 10 
by different portions of the nebula. 
Again using the parameters of the sample model in Chapter III, 
• • « 1 ~ ^ 
m = M./Mg= 2, u.= 500 km s , and u^= 20 km s , equation (31) indicates 
-1 that a +5 km s orbit induced variation in u would lead to a +12% 
- 0 — 
variation in u„, around the nebula. If, instead, the value of u 
o 11 0 
-1 
were 10 km s , the variation in would be +30%. This would 
indeed have a significant effect on the structure of the nebula. 
As the nebula continues to expand outward through the sinusoidally 
varying velocity field of the slow wind, the variations in would 
tend to average out, and thus the backside of the nebula would indeed, 
in time, become roughly spherical. Returning to the sample case of 
Chapter III, depicted in Figure 10, after 30 years the nebula will have 
swept out a region of slow wind material ~900 AU in radius. For an 
orbital period of 60 years, this represents three or four cycles of the 
5 km s ^ slow wind's variation due to orbital motion. 
In addition to the recognized variations in the stellar winds just 
mentioned, there would undoubtedly be other perturbations in real 
systems, which would be of comparable significance. Winds arising from 
an accreting white dwarf and a pulsating Mira variable would be expected 
to contain both temporal and spatial variations and asymmetries. 
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Physical Extent of the Cool Star 
A fundamental assumption of both the steady state and dynamic shell 
formulations is that the stars act as essentially point-like sources of 
steady winds. This assumption would be in error with regard to the cool 
star, presuming it to be a mass-losing Mira variable. According to 
recent models of such stars by Bowen (1985), even at a distance of 20 AU 
from a Mira, the outflow is not completely smoothed out, and the gas 
density is still rather high. Thus, in some sense, the compact stellar 
companion may be considered to lie within the enormously extended 
atmosphere of the Mira. Definitely, the head-on collision portion of 
the nebula would be within the active, dynamic part of a typical Mira 
atmosphere. 
Without doubt, the local effects of the Mira on this portion of the 
nebula would not be negligible, nor would they be easily modeled! 
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APPLICATION TO INDIVIDUAL SYSTEMS 
V1016 Cyg 
In Wallerstein et al. (1984, again to be referred to as WWSB) the 
highly asymmetric profiles of [FeVII], [AV], [SIII] and [Nil] emission 
lines observed from V1016 Cyg were fitted with theoretical profiles 
based on the colliding wind nebula model. The profiles of the [FeVII], 
[AV] and [SIII] lines were shown to be consistent with these lines 
having been formed within overlapping regions of a slightly curved, thin 
conical wedge. This is the expected geometric configuration of the 
steady state portion of a colliding wind nebula, the slight curvature 
being due to the stellar orbital motion as demonstrated in the previous 
chapter. In generating the theoretical profiles, the density of 
emitting material as a function of position along the conical shell was 
chosen to be that given by the assumption of radial outflow only. This 
is consistent with the numerical results of the steady state 
formulation, in which the mass distribution along the steady state shell 
is very nearly that of pure radial outflow for all but the innermost 
regions of the shell. It should be noted that the velocity distribution 
used in the profile generating routine was purposely chosen to match the 
velocity structure of the steady state model solutions presented earlier 
(Salzer 1983). 
Under these conditions, the observed emission lines of [FeVII], 
[AV] and [SIII] were found to be well fitted by a cone with apex (half) 
angle 0'= 19°+ 5°. The relationship between cone angle and the 
parameter mw = (u./u^) plotted in Figure 5 can be used to obtain 
a rough estimate of mw for the V1016 Cyg system. From the data in 
Figure 5, which do not include the effects of orbital motion, one 
might conclude that mw falls in the range 120 < mw < 650. However, 
recall that the effect of orbit induced curvature in the conical shell 
is to reduce the cone apex angle somewhat. Assuming that this effect is 
responsible for reducing the apparent cone angle by ~2° in the case of 
V1016 Cyg, a better estimate of mw for this system is 90 < mw ^  400. 
The observed [Nil] emission line, requiring less energy for 
ionization, is expected to form farther out in the spherical portion of 
the expanding nebula. In WVSB it was shown that the [Nil] profile of 
V1016 Cyg could be fitted by assuming the geometry of an expanding 
spherical shell with a circular section removed, corresponding to the 
position of the shell's cone which is not expected to contribute to the 
[Nil] line. Note that it is the fit to the [Nil] profile which 
indicates that the steady state cone angle is ~19° as opposed to ~161°, 
for which the conical portion of the shell would be similarly shaped. 
HM Sge 
As discussed in WWSB, the interpretation of the observed emission 
line profiles for HM Sge is not as clear as it is for V1016 Cyg. In the 
more recently erupted system, HM Sge, the emission lines of the more 
highly ionized species show an increase in width with ionization 
potential. This is inconsistent with the positive velocity gradient 
predicted by the simple models presented here since, presumably, the 
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lines of species with higher ionization potentials form further in along 
the shell, closer to the cone apex. This inconsistency could very well 
be a consequence of our having neglected the shell's thickness and 
therefore its internal pressure. Near the cone apex, the head-on 
collision point, the temperature of the shell material will be a 
maximum, dropping off rapidly as one moves out along the shell. The 
resulting internal pressure gradient will produce the dominant force 
acting on the shell material in this region. Thus near the cone apex, 
material may be accelerated to a very high velocity, limited only by the 
local sound speed. 
In the case of HM Sge, it was argued by Willson et al. (1984) that 
the head-on collision portion of the shell is the source of the observed 
x-rays. The derived temperature of this region, 7 10^ K, corresponds to 
-1 
a sound speed of ~350 km s . Figure 15 shows the effect on the shell 
structure of such a large initial acceleration of the wind material 
entering the cone apex region. The plot was generated by using the 
steady state shell formulation with the shell velocity at 8 = 0 set to 
35 times the outer (red giant) wind velocity. The model shown is for m 
=0.1 and w = 100. Compare with Figure 3, which shows a similar model 
without the modification to the initial velocity. The velocity and mass 
distributions are altered in the innermost regions of the shell. The 
physical shape of the shell is not affected, in particular there is no 
change in the value of the asymptotic cone angle of 51°. Thus if V1016 
Cyg should have a similar high velocity region near its cone apex, as is 
suspected for HM Sge, it would probably not have a major bearing on the 
FIGURE 15. Steady state model with a large, initial shell velocity at 
the head-on collision point 
The model simulates a shell with a large temperature 
gradient near the apex of the cone. Compare with 
Figure 3. 
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previously discussed fits to the kinematic and geometric structure of 
that system. 
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SUMMARY 
The following points summarize the major features and results of 
this study: 
• The nebula which forms at the interface of two colliding 
stellar winds has been approximated by a zero-thickness shell 
which is governed by the principles of mass and momentum 
cons ervat ion. 
• A computer program has been developed which gives the geometric 
shape, mass surface density distribution and internal velocity 
structure of the conical, steady state portion of the shell. A 
program listing is provided in Appendix B. 
• Using the results of the steady state program, it has been 
found that the shape of the steady state shell, including its 
asymptotic cone angle, are determined by a single parameter, 
mw, the product of the ratio of the mass loss rates and the 
ratio of wind velocities of the two contributing stellar winds. 
The dependence of the shell's shape on the parameter mw is 
illustrated in Figures 4 and 5. 
• It has also been seen that the velocity and mass distributions 
within the steady state shell are dependent on both ratios, m 
2 
and w. However, the quantity qu , the mass surface density 
times the square of the internal velocity, is determined solely 
by the product mw. 
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Although the formulation does not include the thermodynamics 
and energetics which should eventually be added, an attempt has 
been made to simulate the effect of a dominating thermal 
pressure near the shell's apex point. 
In addition to the steady state program, a simple dynamic 
formulation and program have also been developed. They too 
make use of mass and momentum conservation to approximate the 
time development of the colliding wind nebula. Orbital motion 
of the stars has been included in a simple fashion. 
It is hoped that the numerical models presented here may help 
to determine the parameters of the stellar winds present in 
observed eruptive symbiotic systems. Using the geometric model 
derived for V1016 Cyg, (see WSB), it has been possible to 
place rough limits on the value of mw for this system. 
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APPENDIX A: LIST OF THE STEADY STATE PROGRAM VARIABLES 
Definition 
of Variable 
Text 
Symbo1 
Program 
Symbo1 
Mass loss rate ratio 
Wind velocity ratio 
Polar angle, integration variable (radians) 
Distance from inner star 
Distance from outer star 
Shell's mass surface density 
Shell's internal flow velocity 
Angle of shell normal 
Angle between r^ and ^2 
Derivative of r^ with respect to 0 
Derivative of u with respect to G 
Derivative of Ç with respect to 0 
Integration step size (degrees) 
Integration step size (radians) 
Tolerance on the termination 
condition, |CI = 90 ,(radians) 
l/Vmw, (an obsolete parameter) 
m 
w 
0 
^1 
~ Z  
q 
u 
Ç 
0 
Ê: 
di) 
de 
dS 
MM, M 
W, W 
THETA 
S 
R 
G 
V 
ZETA 
PHI 
DS 
DV 
DZ 
STEPD 
STEP 
ZTOL 
GAMMA 
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APPENDIX B: STEADY STATE PROGRAM LISTING 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCGCCCCCCCCCCCCC 
C 
C CONE.FOR 
C 
C THIS FORTRAN PROGRAM CALCULATES THE GEOMETRY AS WELL AS THE 
C VELOCITY AND MASS DENSITY STRUCTURE OF THE IDEALIZED STEADY 
C STATE, ZERO THICKNESS SHELL WHICH FORMS AT THE BOUNDARY OF 
C TWO COLLIDING STELLAR WINDS. ALL QUANTITIES ARE NORMALIZED 
C RELATIVE TO THE "OUTER" STAR'S MASS LOSS RATE AND WIND 
C VELOCITY AND THE BINARY SEPARATION. 
C 
C THE COORDINATE SYSTEM USED IS POLAR, AND CENTERED ON THE 
C "INNER" STAR. THE USER IS PROMPTED FOR A VALUE OF THE RATIO 
C OF MASS LOSS RATES, THE RATIO OF WIND VELOCITIES, AN 
C INTEGRATION STEP SIZE AND THE OUTPUT FILE SPECIFICATION. 
C 
C NOTE: THIS PROGRAM WAS COMPOSED AND RUN ON A VAX/VMS 
C SYSTEM AND MAY CONTAIN SOME FEATURES OF FORTRAN NOT 
C AVAILABLE ON OTHER FORTRAN COMPILERS. 
C 
C TERRY GIRARD 
C MARCH 1983 
C 
C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
REAL-4 MM,WW,STEPD,PI 
CHARACTER*80 FILESPEC 
INTEGER KNT 
C 
1000 FORMAT(IX,' M = ',F7.2,5X,' W= ',F7.2,7X,' GAMMA = ',F8.5) 
1002 FORMAT(' ') 
C 
C 
C REQUEST AND OPEN THE OUTPUT FILE 
C 
WRITE (*, ' ( " ENTER OUTPUT FILESPEC : ",$)') 
READ(*,'(A80)')FILESPEC 
OPEN(UNIT=1,FILE=FILESPEC,STATUS='NEW',FORM='FORMATTED') 
C 
C 
C INITIALIZE THE VARIABLES AT THETA = 0 
C -
PI=3.14159265D0 
ZT0L=-89.9DO*PI/180.ODO 
C 
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CALL MODPAR(M,W,STEP) 
CALL HEADER(M,W) 
CALL SETVAL(M,W,PHI,THETA,ZETA,S,R,G,V,DS,DV,DZ) 
CALL OUTPUT(THETA,S,V,G,ZETA) 
C 
C — - -
C DO THE INITIAL EULER STEP 
C — - -
ESTEP=STEP"1.ODO 
CALL EULER(PHI,THETA,ZETA,S,R,M,G,V,ESTEP,DS,DV,DZ) 
CALL OUTPUT(THETA,S,G,V,ZETA) 
C 
C 
C LOOP, DOING A STEP IN THE RUNGE-KUTTA INTEGRATION SCHEME 
C -
KNT=1 
11 IF(ZETA.GT.ZTOL)THEN 
CALL RUNKUT(M,W,STEP,THETA,PHI,ZETA,S,R,G,V) 
KNT=KNT+1 
DZ=DZFUN(PHI,ZETA,S,R,M,W,G,V) 
IF(KNT.EQ.S)THEN 
CALL OUTPUT(THETA,S,G,V,ZETA) 
KNT=0 
ENDIF 
GOTO 11 
ENDIF 
CALL OUTPUT(THETA,S,G,V,ZETA) 
C 
C -
C THETA MAX HAS BEEN REACHED, TERMINATE PROGRAM 
C -
GAMMA=1.ODO/DSQRT(M*W) 
WRITE(*,1002) 
WRITE(*,1002) 
WRITE ('•-, 10 00 ) M, W, GAMMA 
WRITE(*,1002) 
WRITE (-•-,'('' THETA FINAL =" ,F9 .4) ' ) 180 . 0D0*THETA/PI 
CLOSE(UNIT=1) 
C 
STOP 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C SUBROUTINE MODPAR OBTAINS MODEL PARAMETERS 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
SUBROUTINE MODPAR(M,W,STEP) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
REAL*4 MM,WW,STEPD,PI 
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C 
C 
1000 FORMAT(IX,' ENTER THE MASS LOSS RATIO, m=Mi/Mo : (F10.3) ') 
1001 FORMAT(IX,' ENTER THE VELOCITY RATIO, w=Vi/Vo : (F10.3) ') 
1002 FORMAT(IX,' ENTER THE STEP SIZE, IN DEGREES : (F10.3) ') 
C 
C 
PI=3.14159265 
C 
WRITE(*,1000) 
READ(--, ' (F10.3) ' )MM 
WRITE (-'s 1001) 
READ(*,'(F10.3)')WW 
WRITE(*,1002) 
READ(*,'(FIO.3)')STEPD 
C 
M=DBLE(MM) 
W=DBLE(WV) 
STEP=DBLE(PI^STEPD/180.0) 
STEP=STEP*0.20D0 
C 
RETURN 
END 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
c SUBROUTINE RUNKUT DOES A STEP IN A RUNGE-KUTTA ORDER 4 
C INTEGRATION SCHEME 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
SUBROUTINE RUNKUT(M,W,STEP,THETA,PHI,ZETA,S,R,G,V) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C 
K1S=STEP*DSFUN(S,ZETA) 
K1V=STEP''-DVFUN (PHI, ZETA ,S,R,M,W,G,V) 
K1Z=STEP*DZFUN(PHI,ZETA,S,R,M,W,G,V) 
C 
ATHETA=THETA4-STEP-"0.50D0 
AS=S+K1S*0.50D0 
AV=V+K1V*0.50D0 
AZETA=ZETA+K1Z*0.50D0 
CALL TRIANG(AS,ATHETA,AR,APHI) 
AG=GFUN(APHI,ATHETA,AS,M,AV) 
K2S=STEP*DSFUN(AS,AZETA) 
K2V=STEP''-DVFUN( APHI, AZETA, AS, AR, M, W, AG, AV) 
K2Z=STEP^'^DZFUN(APHI, AZETA,AS, AR,M,W, AG, AV) 
C 
ATHETA=THETA+STEP*0.50D0 
AS=S+K2S*0.50D0 
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AV=V+K2V"0.50D0 
AZETA=ZETA+K2Z''-0.5000 
CALL TRIANG(AS,ATHETA,AR,APHI) 
AG=GFUN(APHI,ATHETA,AS,M,AV) 
K3S=STEP*DSFUN(AS,AZETA) 
K3 V=STEP'-DVFUN (APHI, AZETA, AS, AR, M, W, AG, AV) 
K3 Z=STEP''-DZFUN (APHI, AZETA, AS, AR, M, W, AG, AV ) 
C 
ATHETA=THETA+STEP 
AS=S+K3S 
AV=V+K3V 
AZETA=ZETA+K3V 
CALL TRIANG(AS,ATHETA,AR,APHI) 
AG=GFUN(APHI,ATHETA,AS,M,AV) 
K4S=STEP''-DSFUN (AS, AZETA) 
K4V=STEP--'-DVFUN(APHI, AZETA, AS , AR,M, W, AG, AV) 
K4Z=STEP*DZFUN(APHI,AZETA,AS,AR,M,W,AG,AV) 
C 
THETA=THETA+STEP 
S=S+(KlS+2. ODO-'-K2S+2. 0D0*K3S+K4S)/6. ODO 
V=V+(KlV+2.ODO*K2V+2.0D0*K3V+K4V)/6.ODO 
ZETA=ZETA+(KlZ+2.0D0*K2Z+2.0D0*K3Z+K4Z)/6.ODO 
CALL TRIANG(S,THETA,R,PHI) 
G=GFUN(PHI,THETA,S,M,V) 
C 
RETURN 
END 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
C SUBROUTINE OUTPUT WRITES OUTPUT TO UNIT=1 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCGCC 
SUBROUTINE OUTPUT(THETA,S,G,V,ZETA) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
1001 F0RMAT(1X,F8.5,1X,F7.3,1X,F9.5,1X,F10.7,1X,F8.5, 
+ 1X,F8.5,1X,F7.3) 
C 
C 
PI=3.14159265D0 
THETADG=180.ODO-THETA/PI 
ZETADG=180. ODO-'-ZETA/PI 
IF(S.GT.999.99999D0.0R.S.LT.0.0D0) S=999.99999D0 
WRITE(1,1001)THETA,THETADG,S,G,V,ZETA,ZETADG 
C 
RETURN 
END 
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ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
C SUBROUTINE HEADER PUTS HEADER ON OUTPUT, UNIT=1 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
SUBROUTINE HEADER(M,W) 
c 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
1000 FORMATCIX,' M = ',F7.2,5X,' W= ',F7.2,7X,' GAMMA = ',F8.5) 
1001 FORMATCIX,' THETA THETADG RADIUS DENSITY VELOCITY ', 
+ ' ZETA ZETADG ') 
1002 FORMAT(' ') 
C 
C 
GAMMA=1. ODO/DSQRT (M-'-W) 
WRITE(1,10C0)M,W,GAMMA 
WRITE(1,1002) 
WRITE(1,1001) 
WRITE(1,1002) 
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCGCCCCCCCCCCCG 
C SUBROUTINE TRIANG CALCULATES R AND PHI 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
SUBROUTINE TRIANG(S,THETA,R,PHI) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C -
R=DSQRT ( 1. ODO+S'-S - 2. ODO*S*DCOS (THETA)  
PHI=DACOS ( C -1. 0D04-R*R+S*S ) / (2. ODO*R*S ) ) 
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C SUBROUTINE SETVAL INITIALIZES THE VARIABLES AT THETA = 0 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
SUBROUTINE SETVAL(M,W,PHI,TKETA,ZETA,S,R,G,V,DS,DV,DZ) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C - -
PI=3.14159265D0 
PHI=PI 
THETA=0.ODO 
ZETA=0.ODO 
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S=1.ODO/(1.ODO+1.ODO/DSQRT(M"W)) 
R=1.0D0-S 
G=3. 0D0-'-DSQRT(M/¥''"'-3)" CW+1. 0D0)**2/(16 . ODO-'-PI) 
V=0.ODO 
DS=0.ODO 
DV=2.ODO*W*C1.ODO+DSQRT(M*W))/(3.ODO*(W+1.ODO)) 
DZ=-0.20D0*(2.0D0+3.ODO*DSQRT(M*W)) 
C 
RETURN 
END 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
C SUBROUTINE EULER DOES ONE EULER INTEGRATION STEP 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
SUBROUTINE EULER(PHI,THETA,ZETA,S,R,M,G,V,ESTEP,DS,DV,DZ) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C--
S=S+DS"ESTEP 
V=V+DV"ESTEP 
ZETA=ZETA+DZ*ESTEP 
THETA=THETA+ESTEP 
CALL TRIANG(S,THETA,R,PHI) 
G=GFUN(PHI,THETA,S,M,V) 
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C FUNCTION GFUN THE MASS SURFACE DENSITY 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
FUNCTION GFUN(PHI,THETA,S,M,V) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C 
PI=3.14159265D0 
GFUN=1. ODO+DCOS (PHI4-THETA)+M* ( 1. ODO-DCOS (THETA)  
GFUN=GFUN/ (4. ODO:'-PI*S*V*DSIN(THETA)  
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C FUNCTION DSFUN DERIVATIVE OF S WRT THETA 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
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FUNCTION DSFUN(S,ZETA) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C 
DSFUN=-1. ODO*S-'-DTAN (ZETA) 
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C FUNCTION DVFUN DERIVATIVE OF V WRT THETA 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
FUNCTION DVFUN(PHI,ZETA,S,R,M,W,G,V) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C -
PI=3.14159265D0 
DVFUN=-1.0DO*DCOS(PHI-ZETA)*(DSIN(PHI-ZETA)-V)/(R*R) 
DVFUN=DVFUN+M''-DCOS (ZETA)* (-1. ODO*W*DSIN(ZETA) -V) / (S*S) 
DVFUN=S"DVFUN/(4.ODO*PI*G*V*DCOS(ZETA)) 
C 
RETURN 
END 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C FUNCTION DZFUN DERIVATIVE OF ZETA WRT ZETA 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
FUNCTION DZFUN(PHI,ZETA,S,R,M,W,G,V) 
C 
IMPLICIT DOUBLE PRECISION (A-Z) 
C 
C 
PI=3.14159265D0 
DZFUN=(DCOS(PHI-ZETA))**2/(R*R)-M*W*(DCOS(ZETA))**2/(S*S) 
DZFUN=S*DZFUN/ (4. ODO*PI*G*V*V:''DCOS (ZETA) ) -1. ODO 
C 
RETURN 
END 
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